Abstract. Given a projective variety X and a smooth projective curve C one may consider the moduli space of maps C → X. This space admits certain compactification whose points are called quasi-maps. In the last decade it has been discovered that in the case when X is a (partial) flag variety of a semi-simple algebraic group G (or, more generally, of any symmetrizable KacMoody Lie algebra) these compactifications play an important role in such fields as geometric representation theory, geometric Langlands correspondence, geometry and topology of moduli spaces of G-bundles on algebraic surfaces, 4-dimensional super-symmetric gauge theory (and probably many others). This paper is a survey of the recent results about quasi-maps as well as their applications in different branches of representation theory and algebraic geometry.
Introduction
The spaces of quasi-maps into the flag varieties were introduced by V. Drinfeld about 10 years ago and since then proved to play an important role in various parts of geometric representation theory; more recently it was discovered that some related constructions are useful also in more classical algebraic geometry as well as in some questions coming from mathematical physics.
This paper constitutes at attempt to give a more or less self-contained presentation of the results related to such spaces. The origin of quasi-maps is as follows: let C be a smooth projective algebraic curve (over an algebraically closed field k) and let X ⊂ P N be a projective variety over k. One can look at the space Maps d (C, X) of maps C → X such that the composite map C → X → P N has degree d ∈ Z + . These are quasi-projective schemes of finite type; in many problems of both representation theory and algebraic geometry it is important to have a natural compactification of this scheme; one compactification of this sort is provided by the space QMaps d (C, X) of quasi-maps from C to X (cf. Section 2 for the precise definition). The main property
Definition of quasi-maps
In this section we introduce quasi-maps'spaces and some of their relatives. The reader may skip the details for most applications.
Maps and quasi-maps into a projective variety.
Let X be a closed subvariety of the projective space P N and let C be a smooth projective curve. For any integer d ≥ 0 we may consider the space Maps d (C, X) consisting of maps C → X such that the composition C → X → P N has degree d. This space has a natural scheme structure and it is in fact quasi-projective. However, it is well known that in general it does not have to projective (in fact it is almost never projective).
Example. Let X = P N . In this case Maps d (C, X) classifies the following data:
• A line bundle L on C of degree −d.
• An embedding of vector bundles L → O N+1 C . The reason is that every such embedding defines a one-dimensional subspace in C N +1 for every point c ∈ C and thus we get a map C → P N .
Consider, for example, the case when C = P 1 . In that case L must be isomorphic to the line bundle O P 1 (−d) (note that such an isomorphism is defined uniquely up to a scalar) and thus Maps d (P 1 P N ) is an open subset of P (N +1)(d+1)−1 . The reason that it does not coincide with it is that not every non-zero map
gives rise a map P 1 → P N -we need to consider only those maps which do not vanish in every fiber.
The above example suggests the following compactification of Maps d (C, X).
Namely, we define the space of quasi-maps from C to X of degree d (denoted by QMaps d (C, X)) to be the scheme classifying the following data:
1) A line bundle L on C of degree −d.
2) A non-zero map κ : L → O N +1 C . 3) Note that κ defines an honest map U → P N where U is an open subset of C. We require that the image of this map lies in X.
For example it is easy to see that if X = P N and C = P 1 then QMaps d (C, X) P (N+1)(d+1)−1 .
In general QMaps d (C, X) is projective. Also, set-theoretically it can be explicitly described in the following way. Assume that we are given a quasi-map (L, κ) as above. Then κ might have zeros at points c 1 , . . . , c k of C of order a 1 , . . . , a k respectively. On the other hand, it follows from 3) above that κ defines an honest map from the complement to the points c 1 , . . . , c k to X. Since X is projective this map can be extended to the whole of C. Let us call this map κ . It is easy to see that κ has degree d − a i . Also one can recover κ from κ and the collection (c 1 
The case of complete flag varieties.
Let now G be a semi-simple simply connected algebraic group over k and let g denote its Lie algebra. We want to take X to be the complete flag variety of G. If we choose a Borel subgroup B of G then X = G/B. We shall sometimes denote this variety by X G,B (later we shall also consider the partial flag varieties G/P associated with a parabolic subgroup P ⊂ G; this variety will be denoted by X G,P ).
Let V 1 , . . . , V l denote the fundamental representations of G. It is well known that X G,B has a canonical (Plücker) embedding into
. This enables us to talk about quasi-maps into X.
We can describe the set of parameters (d 1 , . . . , d l ) in a little bit more invariant terms. First, let us denote by T the Cartan group of G and let G denote the coweight lattice of G; by definition G = Hom(C * , T ) (in the case k = C). We have the natural well-known identification G = H 2 (X, Z). This allows us to talk about maps C → X of degree θ ∈ G . Also if we let (ω 1 , . . . , ω l ) denote the fundamental weights of G then we can also identify G with Z l by sending a coweight θ to 
Laumon's resolution.
Consider the case G = SL(n) (thus l = n − 1). In this case X G,B is just the variety of complete flags 0
is the same as a complete flag of subbundles
where the rank of V i is equal to i. Also we have
to consist of all flags as above where V i is an arbitrary subsheaf of O n C of degree −d i . The space was considered by G. Laumon in [32] . It is known (cf. [30] ) that the natural open embedding of Maps θ (C, X G,B ) into both QMaps θ (C, X G,B ) and QMaps L,θ (C, X G,B ) extends to a projective morphism QMaps L,θ (C, X G,B ) → QMaps θ (C, X G,B ). In the case C = P 1 the space QMaps L,θ (P 1 , X G,B ) is smooth and provides in fact a small resolution of singularities of QMaps θ (P 1 , X G,B ).
2.4.
The stacks Bun B . Let us fix a curve C as above and let G again be a semi-simple simply connected algebraic group with a Borel subgroup B (more generally, one can assume that G is any reductive group whose derived group is simply connected; e.g. one may also consider the case G = GL(n)). We may consider the algebraic stack Bun G = Bun G (C) classifying principal algebraic G-bundles on C. Similarly we may consider the stack Bun B which classifies B-bundles. The embedding B → G gives rise to a the natural morphism p : Bun B → Bun G . In the case G = GL(n) the stack Bun G classifies vector bundles of rank n on C and the stack Bun B classifies flags of the forms 0
where each V i is a vector bundle of rank i on C and the embedding V i → V i+1 are embeddings of vector bundles.
We have the natural projection B → T (where T as before denotes the Cartan group of G). Hence we also have the natural map q : Bun B → Bun T . In the case G = GL(n) considered above the group T can be thought of as the group of diagonal matrices; hence T is naturally isomorphic to G n m . 1 Thus Bun T classifies n-tuples (L 1 , . . . , L n ) of line bundles on C. In terms of the above description of Bun B the map q sends any flag 0
It is easy to see that in general the connected components of Bun T are classified by elements of the lattice G = T . For each θ ∈ G we set Bun θ B = q −1 (Bun θ T ). It is easy to see that the assignment θ → Bun θ B also defines a bijection between G and the set of connected components of Bun B .
For each θ ∈ G the map p : Bun θ B → Bun G is representable. Moreover, it is clear that the fiber of this map over the trivial bundle in Bun G is exactly our space Maps θ (C, X G,B ) (note that the stack Bun θ B exists for any θ ∈ G but its fiber over the trivial bundle is non-empty only if θ ∈ + G ). In general, the fibers of p (for fixed θ ) are quasi-projective (but not projective) varieties; for various purposes (discussed, in particular, in other parts of this paper) it is useful to have a relative compactification Bun θ B → Bun G such that its fiber over the trivial bundle in Bun G will be exactly QMaps θ (C, X G,B ). Such a compactification indeed can be constructed; let us give its explicit description (in particular, this will give a slightly different (but equivalent) definition of QMaps θ (C, X G,B ).
We want to define Bun B as a solution to some moduli problem. Since Bun B is going to be an algebraic stack we must define the groupoid of S-points of Bun B for any scheme S over C.
Letˇ G be the dual lattice of G . This is the weight lattice of the group G 
such that for every geometric point s ∈ S the restriction κλ| X×s is an injection. The last condition is equivalent to saying that κλ is an injection such that the quotient
The system of embeddings κλ must satisfy the so-called Plücker relations which can be formulated as follows.
First, forλ = 0, κ 0 must be the identity map O L 0
for two dominant integral weightsλ andμ, the map
must coincide with the composition
It is easy to see that if all the maps κλ are embeddings of subbundles (i.e. κλ does not vanish on any fiber over any c ∈ C then the collection (F G , F T ) together with all κλ defines a point of Bun B .
Here is another (somewhat more geometric) definition of Bun B (note that restricting to the fiber over the trivial bundle we get yet another definition of QMaps θ (C, X).
Let us denote by U ⊂ B the unipotent radical of B. Since we have the natural isomorphism G/U = T it follows that the variety G/U is endowed with a natural right action of T (of course, it also has a natural left G-action).
It is now easy to see that the stack Bun B classifies the following data:
where F G is a G-bundle, F T is a T -bundle and κ is a G-equivariant map.
Recall that G/U is a quasi-affine variety and let G/U denote its affine closure. The groups G and T act on G/U and therefore also on G/U . The basic example of these varieties that one should keep in mind is the case G = SL (2) . In this case G/U can be naturally identified with A 2 \{0} and G/U = A 2 (here A 2 denotes the affine plane).
We claim now that an S-point of Bun B is the same as a triple (F G , F T , κ), where F G (resp., F T ) is an S-point of Bun G (resp., of Bun T ) and κ is a G-equivariant map
comes from the fact that many results will be formulated in terms of the Langlands dual groupǦ whose weight lattice is G ! such that for every geometric point s ∈ S there is a Zariski-open subset C 0 ⊂ C × s such that the map
2.5. Quasi-maps into partial flag varieties. Let now P ⊂ G be an arbitrary parabolic subgroup of G. Then as before we may consider the stack Bun P of principal P -bundles on C; this stack is again naturally mapped to Bun G and we would like to find some natural relative compactification of it. It turns out that in this case there exist two different natural compactifications Bun P and Bun P such that the embedding of Bun P into both of them extends to a projective morphism Bun P → Bun P . We refer the reader to [10] for the corresponding definitions. Here we shall only explain the geometric source for the existence of two such compactifications.
As was explained above the stacks Bun B are closely related with the varieties G/U and their affine closures G/U ; it is of crucial importance that G/U has a free
Given a parabolic subgroup P as above one can attach two quasi-affine G-varieties to it: the first one is G/[P , P ] and the second one is G/U P (here U P denotes the unipotent radical of P ; note that if P is a Borel subgroup of G then [P , P ] = U P ). Let M denote the Levi group of P ; by definition M = P /U P . Also, one has the natural isomorphism P / [ Taking the fibers of the above stacks over the trivial bundle in Bun G we get two different versions of quasi-maps from C to G/P = X G,P . In what follows we shall denote by QM θ G,P the space of quasi-maps P 1 → X G,P coming from Bun P (the compactification having to do with the variety G/P ). Here θ should be a positive element of the lattice G,M which is the lattice of cocharacters of M/ [M, M] .
It turns out that many of the above definitions may be given also when g is replaced by an affine Kac-Moody Lie algebra; the corresponding spaces of maps and quasimaps are closely related to moduli spaces of G-bundles on a rational algebraic surface. This will be discussed in Section 5 (for more details the reader should consult [8] ).
Quasi-maps into flag varieties and semi-infinite Schubert varieties
3.1. Ordinary Schubert varieties and their singularities. Let G as a before be a semi-simple simply connected algebraic group and let B be a Borel subgroup of it.
Recall that we denote X G,B = G/B. It is well known that the set of B-orbits on X G,B is in one-to-one correspondence with the elements of the Weyl group W of G. For each w ∈ W we denote the corresponding orbit by X w G,B . It is also known that each X w G,B is isomorphic to the affine space A (w) where : W → Z + is the length function.
The closure X w G,B ⊂ X G,B of X w G,B is usually called the Schubert variety attached to W . The singularities of these varieties play a very important role in various branches of representation theory. It is known (cf. [14] and references therein) that these varieties are normal and have rational singularities. Let IC w G,B denote the intersection cohomology sheaf of X w G,B . It is also well known that the stalks of IC w G,B can be described in terms of the Kazhdan-Lusztig polynomials attached to W (cf. [29] ).
More generally, given two parabolic subgroups P , Q ⊂ G one may study the closures of Q-orbits on G/P ; these are the most general parabolic Schubert varieties. The stalks of their IC-sheaves are computed by parabolic Kazhdan-Lusztig polynomials.
One can generalize the above construction to the loop (or affine) groups associated with G. Namely, given a parabolic subgroup P as above one may construct two different affine flag varieties X aff G,P and X aff G,P associated with the pair G, P . We shall refer to the first one as the corresponding thin flag affine partial flag variety and to the second one as the thick partial affine flag variety (in principle, there exist more general partial affine flag varieties but we shall never consider them in this paper). Set-theoretically, we can describe X aff G,P and X aff G,P as follows. Let K = C((t)) be the field of formal Laurent power series; let O ⊂ K be the ring of Taylor series. Consider the "loop" group
consisting of those Taylor series whose value at t = 0 lies in P ⊂ G. When P = B is a Borel subgroup we shall write just I instead of I B and call it the Iwahori subgroup of G((t)). We shall also denote by I 0 ⊂ I its pro-unipotent radical (it consists of those Taylor series as above whose value at t = 0 lies in the unipotent radical U of B). Note also that when P = G we have
Similarly, we can define the group I P ⊂ G[t −1 ] consisting of those polynomials in t −1 whose value at t = ∞ lies in P . Thus on level of C-points we have
We shall be mostly talking about Schubert varieties in X aff G,P (the flag varieties X aff G,P will also appear in Section 5 of this paper). By definition, these are closures of I Q -orbits in some X aff G,P . These are known to be finite-dimensional normal projective varieties having rational singularities (cf. [14] ). In the case when P = Q = B (i.e. when we are dealing with I -orbits on X aff G,B ) the orbits are classified by elements of the affine Weyl group W aff (by definition, this is the semi-direct product of the Weyl group W of G and the lattice G ). At the other extreme, when P = Q = G we are dealing with G(O)-orbits on G(K)/G(O); these orbits are in one-to-one correspondence with G /W . The latter set can be identified with the set of dominant weights of the Langlands dual groupǦ.
One of the reasons that the complete flag variety X G,B plays a distinguished role in representation theory is the Beilinson-Bernstein localization theorem (cf. [4] ) which allows one to realize representations of the Lie algebra g (with fixed central character of the universal enveloping algebra U(g)) in terms of algebraic D-modules on X G,B . In this way the category of B-equivariant (or, more generally, U -equivariant) modules corresponds to the regular block of the so-called category O. Similar (but much less understood) statements hold in the affine case too. Namely let g aff denote the affine Lie algebra corresponding to g. By definition this algebra is a central extension of the loop algebra g((t)):
Then one gets a geometric realization (of some part of) the category for the corresponding affine Lie algebra g aff ; the variety X aff G,B allows to realize g aff -modules at the negative level and the variety X aff G,B has to do with g aff -modules on the positive level. We refer the reader to [27] and references therein for more details. 
G,B is usually defined as the quotient G(K)/T (O) · U(K).
In terms of algebraic geometry this "space" seems to be widely infinite-dimensional. However, one still would like to think of it as some kind of geometric object; this should have many applications to representation theory.
More specifically, we would like to mention the following two problems:
1) Construct the category of D-modules (or perverse sheaves) on X ∞ 2 G,B and relate it to some other abelian categories coming from representation theory of affine Lie algebras and quantum groups.
2) It is easy to see that the orbits of the Iwahori group I on X G,B are finite-dimensional and "understand" those singularities. In particular, one should be able to compute the stalks of the IC-sheaves associated to those singularities and relate them to the periodic polynomials defined in [36] . More generally, one can study I P -orbits on X should only depend on ν −μ = θ. In fact, from the results of [35] , [36] and references therein it is natural to expect that this stalk comes from the graded vector space U θ computed as follows: letǧ denote the Langlands dual Lie algebra whose root system is dual to that of g. We have its triangular decompositionǧ =ň − ⊕ť ⊕ň + . Alsǒ t = t * and we may identify G with the root latticeǧ. Consider the symmetric algebra Sym(n + ) with the natural even grading on it (defined by the requiring that the subspacě n + ⊂ Sym(n + ) has degree 2). The dual Cartan torusŤ acts on this algebra (since it acts on n + ); for each θ ∈ + G we may consider the subspace Sym(n + ) θ ⊂ Sym(n + ) on whichŤ acts by the character θ. This space inherits the grading from Sym(n + ). Let alsoρ ∈ˇ G denote the half-sum of the positive roots of G. Then, guided by the results of loc. cit. one expects to have
The general principle (due to Drinfeld) says that one should be able to use the quasi-maps spaces QM θ G,B (or, the stacks Bun B for any smooth projective curve C) as "finite-dimensional models" for the semi-infinite flag manifolds and the semiinfinite Schubert varieties. In particular, one expects to be able construct the correct category of D-modules using quasi-maps as well as to turn (3.1) into a mathematical theorem. This has indeed been performed in the works [1] , [15] and [9] . Let us give a brief sketch of the results of loc. cit. G,B ) consisting of I 0 -equivariant perverse sheaves; it turns out to be equivalent to the regular block of category of graded representations of the so-called small quantum group u attached to the Lie algebra g; here denotes a root of unity satisfying some mild assumptions (cf. [1] for more details). This result was conjectured by B. Feigin in the early 90s. Another representation-theoretic interpretation of the same category (in terms of representations of the affine Lie algebra g aff ) should appear soon in the works of Frenkel and Gaitsgory.
Computation of the IC-sheaf.
Another check of the above principle will be to compute the stalks of the IC-sheaves of the spaces QM θ G,B (or the stacks Bun B ) and compare it with (3.1). This was done in [15] ; also in [9] this was generalized to arbitrary parabolic P ⊂ G. More specifically, the space QM θ G,B possesses the following stratification (similar to (2.1)):
Here 
The proof of Theorem 3.1 relies on many things, in particular the results of [37] about semi-infinite orbits in the affine Grassmannian of G.
Geometric construction of the universal Verma module.
We have seen that one can read off some information related to the Langlands dual Lie algebra from the singularities of the quasi-maps' spaces. It is natural to ask if one could push this a little further and get a geometric construction ofǧ-modules (in Section 5 we are going to generalize it to affine Lie algebras).
Of course, the most interesting modules that one would like to get in this way are the finite-dimensional modules. This, however, has not been done yet. In this section we explain how to use the spaces of quasi-maps in order to construct the "universal Verma module" for the Lie algebraǧ. We also give geometric interpretation of the Shapovalov form and the Whittaker vectors (cf. the definitions below). We shall generalize this in Subsection 5.3 to the case of affine Lie algebras. These constructions will play the crucial role in Section 6 where we discuss applications of our techniques to some questions of enumerative algebraic geometry.
First, let Y be a scheme endowed with an action of a reductive algebraic group L (in most applications L will actually be a torus). We denote by IH L (Y ) the intersection cohomology of Y with complex coefficients. This is a module over the algebra A L = H * L (pt) which is known to be isomorphic to the algebra of polynomial functions on the Lie algebra l of L which are invariant under the adjoint action of L. We let K L denote the field of fractions of A L .
We now take Y to be the space b QM θ G,B of based quasi-maps P 1 → X G,B . By definition, this is the locally closed subscheme of QM θ G,B corresponding to those quasi-maps which are first of all well-defined as maps around ∞ ∈ P 1 and such that their value at ∞ is equal to the point e G,B ∈ X G,B corresponding to the unit element of G under the identification X G,B = G/B. This scheme is endowed with a natural action of the torus T × C * (here T acts on X G,B preserving e G,B and C * acts on P 1 preserving ∞). Define
Each IH θ G,B is a finite-dimensional vector space over the field K T ×C * which can be thought of as the field of rational functions of the variables a ∈ t andh ∈ C. Moreover, IH θ G,B is endowed with a (non-degenerate) Poincaré pairing · , · θ G,P taking values in K T ×C * (one has to explain why the Poincaré pairing is well defined since b QM θ G,B is not projective; this is a corollary of (some version of) the localization theorem in equivariant cohomology -cf. [5] for more details).
In [5] we construct a natural action of the Lie algebraǧ on the space IH G,B . Moreover, this action has the following properties. First of all, let us denote by · , · G,B the direct sum of the pairings (−1) θ,ρ · , · θ G,B . Recall that the Lie algebraǧ has its triangular decompositionǧ =ň + ⊕ť ⊕ň − . Let κ :ǧ →ǧ denote the Cartan anti-involution which interchangesň + andň − and acts as identity onť. For each λ ∈ t = (ť) * we denote by M(λ) the corresponding Verma module with lowest weight λ; this is a module generated by a vector v λ with (the only) relations t (v λ ) = λ(t)v λ for t ∈ť and n(v λ ) = 0 for n ∈ň − . 4) The vector θ 1 θ G,B (lying in the corresponding completion of IH G,B ) is a Whittaker vector (i.e. an n − -eigen-vector) for the above action.
Then: 1) IH G,B (with the above action) becomes isomorphic to M(λ) where λ
We are not going to explain the construction of the action in this survey paper. Let us only make a few remarks about it. In the case G = SL(n) the smallness result of [30] allows to replace the intersection cohomology of b QM θ G,B by the ordinary cohomology of the corresponding based version of the Laumon resolution b QM L,θ G,B ; on the latter (equivariant localized) cohomology the action of the Chevalley generators ofǧ = sl(n) can be defined by means of some explicit correspondences (this is similar to the main construction of [17] ; also in [7] we generalize this to the case when equivariant cohomology is replaced by equivariant K-theory. In this case the action of the Lie algebra sl(n) is replaced by the action of the corresponding quantum group U q (sl(n))). Also for any G the fact, that the dimension of IH θ G,B can be easily deduced from Theorem 3.1. Our construction of theǧ-action on IH G,B is very close to the construction in Section 4 of [15] .
The stack Bun B and geometric Eisenstein series
This section is devoted to an application of the stacks Bun B to some questions of geometric Langlands correspondence. A reader who is not interested in the subject may skip this section since it will never be used in the future. In fact we are going to discuss only one such application (which was the first one historically) -the construction of geometric Eisenstein series. Let us note, though, that the stacks Bun B have appeared in many other works on the subject. For example they play the crucial role in the geometric proof of Casselman-Shalika formula by E. Frenkel, D. Gaitsgory and K. Vilonen (cf. [18] ) as well as in D. Gaitsgory's work (cf. [20] ) on the so-called "vanishing conjecture" which implies (the main portion of) the geometric Langlands conjecture for GL(n), as well as de Jong's conjecture about representations of Galois groups of functional fields (cf. [22] ). A good review of these results may be found in [21] .
All the results discussed below are taken from [10] .
The usual Eisenstein series.
Let X be a curve over F q and let G be a reductive group. The classical theory of automorphic forms is concerned with the space of functions on the quotient G A /G K , where K (resp., A) is the field or rational functions on X (resp., the ring of adèles of K). In this paper, we will consider only the unramified situation, i.e. we will study functions (and afterwards perverse sheaves) on the double
a Cartan subgroup of G. There is a well-known construction, called the Eisenstein series operator that attaches to a compactly supported function on
Consider the diagram
where B is a Borel subgroup of G. Up to a normalization factor, the Eisenstein series of a function S on
, where q * denotes pull-back and p ! is integration along the fiber. Our goal is to study a geometric analog of this construction. Let Bun G denote the stack of G-bundles on X. One may regard the derived category of constructible sheaves on Bun G (denoted Sh(Bun G )) as a geometric analog of the space of functions on G O \G A /G K . Then, by geometrizing the Eisenstein series operator, we obtain an Eisenstein series functor Eis similar to the above one, where the intermediate stack is Bun B -the stack of B -bundles on X.
However, this construction has an immediate drawback -it is not sufficiently functorial (for example it does not commute with Verdier duality), the reason being that the projection p : Bun B → Bun G has non-compact fibers. Therefore, it is natural to look for a relative compactification of Bun B along the fibers of the projection p.
It turns out that the compactification Bun B discussed indeed does the job, i.e. we can use it to define the corrected functor Eis : Sh(Bun T ) → Sh(Bun G ). The paper [10] is devoted to the investigation of various properties of this functor.
In fact, all the technical results about the functor Eis essentially reduce to questions about the geometry of Bun B and the behaviour of the intersection cohomology sheaf on it.
We should say right away that the pioneering work in this direction was done by G. Laumon in [32] , who considered the case of G = GL(n) using his own compactification Bun L B of the stack Bun B . In the sequel we will explain how the two approaches are related. [10] . Once the stack Bun B is constructed, one can try to use it to define the "compactified" Eisenstein series functor Eis : Sh(Bun T ) → Sh(Bun G ). Let p and q denote the natural projections from Bun B to Bun G and Bun T , respectively. The first idea would be to consider the functor S ∈ Sh(Bun T ) → p ! (q * (S)) ∈ Bun G . However, this is too naive, since if we want our functor to commute with Verdier duality, we need to take into account the singularities of Bun B . Therefore, one introduces a kernel on Bun B given by its intersection cohomology sheaf. I.e., we define the functor Eis by
Survey of the main results of
up to a cohomological shift and Tate's twist. Similarly, one defines the functor
, where M is the Levi quotient of a parabolic P . The first test whether our definition of the functor Eis is "the right one" would be the assertion that Eis (or more generally Eis G M ) indeed commutes with Verdier duality. It can be shown that our Eis indeed passes this test.
Let us again add a comment of how the functor Eis is connected to Laumon's work. One can define functors Eis L : Sh(Bun T ) → Sh(Bun G ) using Laumon's compactification. (In the original work [32] , Laumon did not consider Eis L as a functor, but rather applied it to specific sheaves on Bun T .) However, from the smallness result of [30] it follows that the functors Eis L and Eis are canonically isomorphic.
Once we defined the functors Eis = Eis G T : The problem with our definition of Eis G M is that there is no map between the relevant compactifications, i.e. from Bun B to Bun P . Nevertheless, the assertion that Eis G T Eis G M Eis M T does hold. This in fact is a non-trivial theorem proved in [10] .
Here are the main properties of the Eisenstein series functor.
Behaviour with respect to the Hecke functors.
Classically, on the space of functions on the double quotient G O \G A /G K we have the action of ⊗ x∈X H x (G), where x runs over the set of places of K, and for each x ∈ X, H x (G) denotes the corresponding spherical Hecke algebra of the group G. Similarly, ⊗ x∈X H x (T ) acts on the space of functions on T O \T A /T K . In addition, for every x as above, there is a canonical homomorphism H x (G) → H x (T ) described as follows:
Recall that there is a canonical isomorphism (due to Satake) between H x (G) and the Grothendieck ring of the category of finite-dimensional representations of the Langlands dual groupǦ. We have the natural restriction functor Rep(Ǧ) → Rep(Ť ), and our homomorphism
The basic property of the Eisenstein series operators is that it intertwines the
Our result below is a reflection of this phenomenon in the geometric setting. Now, instead of the Hecke algebras, we have the action of the Hecke functors on Sh(Bun G ). Namely, for x ∈ X and an object V ∈ Rep(Ǧ), one defines the Hecke functor
from Sh(Bun G ) to itself. The existence of such functors comes from the so-called geometric Satake isomorphism -cf. [37] and references therein.
We claim that for any S ∈ Sh(Bun T ) we have
This result is more or less equivalent to one of the main results of [37] . A similar statement holds for the non-principal Eisenstein series functor Eis G M . As a corollary, we obtain that if EM is anM-local system on X and Aut EM is a perverse sheaf (or a complex of sheaves) on Bun M , corresponding to it in the sense of the geometric Langlands correspondence, then the complex Eis G M (Aut EM ) on Bun G is a Hecke eigen-sheaf with respect to the inducedǦ-local system.
In particular, we construct Hecke eigen-sheaves for those homomorphisms π 1 (X) →Ǧ, whose image is contained in a maximal torus ofǦ.
The functional equation.
It is well known that the classical Eisenstein series satisfy the functional equation. Namely, let χ be a character of the group T O \T A /T K and let w ∈ W be an element of the Weyl group. We can translate χ by means of w and obtain a new (Grössen)-character χ w .
The functional equation is the assertion that the Eisenstein series corresponding to χ and χ w are equal, up to a ratio of the corresponding L-functions. Now let S be an arbitrary complex of sheaves on Bun T and let w · S be its wtranslate. One may wonder whether there is any relation between Eis(S) and Eis(w·S).
We single out a subcategory in Sh(Bun T ), corresponding to sheaves which we call "regular", for which we answer the above question. We show that for a regular sheaf S we have Eis(S) Eis(w · S).
(It is easy to see that one should not expect the functional equation to hold for non-regular sheaves.)
A remarkable feature of this assertion is that the L-factors that enter the classical functional equation have disappeared. An explanation of this fact is provided by the corresponding result from [10] which says that the definition of Eis via the intersection cohomology sheaf on Bun B already incorporates the L-function.
We remark that an assertion similar to the above functional equation should hold also for non-principal Eisenstein series. Unfortunately, this seems to be beyond the access of our methods.
Using the above results we obtain a proof of the following very special case of the Langlands conjecture. Namely, we prove that if we start with an unramified irreducible representation of π 1 (X) intoǦ, such that π 1 (X) geom 3 maps toŤ ⊂Ǧ, then there exists an unramified automorphic form on G A which corresponds to this representation in the sense of Langlands.
This may be considered as an application of the machinery developed in [10] to the classical theory of automorphic forms.
Quasi-maps into affine flag varieties and Uhlenbeck compactifications
In this section we take the base field to be C.
The problem.
Let G be an almost simple simply connected group over C, with Lie algebra g, and let S be a smooth projective surface. Let us denote by Bun d G (S) the moduli space (stack) of principal G-bundles on S of second Chern class d ∈ Z. It is easy to see that Bun d G (S) cannot be compact and for many reasons it is natural to expect that there exists a compactification of Bun d G (S) which looks like a union
Note the striking similarity between (5.1) and (2.1).
In the differential-geometric framework of moduli spaces of K-instantons on Riemannian 4-manifolds (where K is the maximal compact subgroup of G) such a compactification was introduced in the pioneering work [45] . Therefore, we shall call its algebro-geometric version the Uhlenbeck space, and denote it by U d G (S). Unfortunately, one still does not know how to construct the spaces U d G (S) for a general group G and an arbitrary surface S. More precisely, one would like to formulate a moduli problem, to which U d G (S) would be the answer, and so far this is not known. In this formulation the question of constructing the Uhlenbeck spaces has been posed (to the best of our knowledge) by V. Ginzburg. He and V. Baranovsky (cf. [3] ) have made the first attempts to solve it, as well as indicated the approach adopted in this paper. The reader may also consult [2] for a different algebro-geometric approach to Uhlenbeck spaces.
A significant simplification occurs for G = SL n . Let us note that when G = SL n , there exists another natural compactification of the stack Bun Since the spaces N d n (S), being a solution of a moduli problem, are easy to construct, one may attempt to construct the Uhlenbeck spaces U d SL n (S) by constructing an explicit blow down of the Gieseker spaces N d n (S). This has indeed been performed in the works of J. Li (cf. [33] ) and J. W. Morgan (cf. [38] ).
The problem simplifies even further, when we put S = P 2 , the projective plane, and consider bundles trivialized along a fixed line P 1 ⊂ P 2 . In this case, the soughtfor space U d n (S) has been constructed by S. Donaldson and thoroughly studied by H. Nakajima (cf. e.g. [39] ) in his works on quiver varieties.
In [8] we consider the case of an arbitrary group G, but the surface equal to P 2 (and we will be interested in bundles trivialized along P 1 ⊂ P 2 , i.e., we will work in the Donaldson-Nakajima set-up.)
In fact we are able to construct the Uhlenbeck spaces U d G , but only up to nilpotents. I.e., we will have several definitions, two of which admit modular descriptions, and which produce the same answer on the level of reduced schemes. We do not know, whether the resulting schemes actually coincide when we take the nilpotents into account. And neither do we know whether the resulting reduced scheme is normal.
We should say that the problem of constructing the Uhlenbeck spaces can be posed over a base field of any characteristic. However, the proof of one the main results of [10] , which insures that our spaces U d G are invariantly defined, uses the char = 0 assumption. It is quite possible that in order to treat the char = p case, one needs a finer analysis.
5.2.
A sketch of the construction. The construction of U d G used in [8] is a simplification of a suggestion of Drinfeld's (the latter potentially works for an arbitrary surface S). We are trying to express points of U d G (one may call them quasi-bundles) by replacing the original problem for the surface P 2 by another problem for the curve P 1 . Let us first generalize the problem to the case of G-bundles with a parabolic structure along a fixed straight line.
Namely, let S = P 2 and let P 1 ∞ ⊂ S be the "infinite line" (so that S\P 1 ∞ = C 2 ). Let also Let C P 1 ⊂ S denote the horizontal line in S. Choose a parabolic subgroup P ⊂ G. Let Bun G,P denote the moduli space of the following objects: 
Typically, for θ aff ∈ aff G,P we shall write θ aff = (θ, d) where θ ∈ G,P and d ∈ Z.
One would also like to construct the corresponding "Uhlenbeck scheme" U θ aff G,P stratified in the following way (the reader should compare it with (3.2)):
The idea of the construction is as follows. Let us consider the scheme classifying triples (F G , β, γ ) , where 1) F G is a principal G-bundle on P 1 ; 2) β is a trivialization of F G on the formal neighborhood of ∞ ∈ P 1 ;
3) γ is a reduction to P of the fiber of F G at 0 ∈ P 1 . It is easy to see that this scheme is canonically isomorphic to the thick partial flag variety X aff G,P = G(K)/I P . Under this identification the point e aff G,P ∈ X aff G,P corresponding to the unit element of G corresponds to the trivial F G with the trivial trivialization. It is explained in [8] that the variety Bun G,P is canonically isomorphic to the scheme classifying based maps from (C, ∞ C ) to (X aff G,P , e aff G,P ) (i.e. maps from C to X aff G,P sending ∞ C to e aff G,P ). One of the main results of [8] gives an explicit description of the Intersection Cohomology sheaf of all U θ aff G,P . We shall not reproduce the full answer here; we shall only say that this answer is formulated in terms of the Lie algebraǧ aff -the affine Lie algebra whose Dynkin diagram is dual to that of g aff . Note that in generaľ g aff = (ǧ) aff ; in factǧ aff may result to be a twisted affine Lie algebra (thus it is not isomorphic to the affinization of any finite-dimensional g). We regard it as one of the first glimpses to (not yet formulated) Langlands duality for affine Lie algebras.
The proof of our computation of the IC-sheaves is also of independent interest. Namely, since in the affine case the results of [37] are not available we must have a different way to see the algebraǧ aff from the above geometry. In [8] we first do on the combinatorial level; namely we realize the canonical Kashiwara crystal discussed in [28] in terms of the varieties Bun θ aff G,B (the idea of this realization is based on the earlier work [11] ). We then use this geometric construction of crystals to compute the IC-sheaves of U θ aff G,B (the answer is very similar to Theorem 3.1) which subsequently allows us to do it also for all U θ aff G,P using techniques similar to those developed in [9] (in particular, we compute the IC-sheaf for P = G which is probably the most interesting case).
5.3.
The universal Verma module forǧ aff . The scheme U θ aff G,B is endowed with a natural action of T × (C * ) 2 (here T ⊂ G acts by changing the trivialization of H G (cf. the previous subsection) at P 1 ∞ and (C * ) 2 acts on S = P 2 preserving P 1 ∞ and C). Note that the field K T ×(C * ) 2 can be thought of as a field of rational functions of the variables a ∈ t, ε 1 , ε 2 + ρ aff (cf. [5] for more details). Note that this is very similar to statement 1) from Subsection 3.5; we also have analogs of the statements 2), 3), 4).
we have the field K M×(C * ) 2 which is isomorphic to the field of rational functions on m × C 2 which are invariant with respect to the adjoint action.
Let T ⊂ M be a maximal torus. Then one can show that (U thought of as the problem of computation of the (not yet rigorously defined) quantum cohomology of the affine flag manifolds X aff G,P . Note that in the case G = SL(n) and P = B a heuristic computation of the latter ring in terms of the so-called periodic Toda lattice was done in [25] ; our results discussed presented in the next subsection are compatible with this computation.
6.4.
Computation of the partition functions in the Borel case. We believe that it should be possible to express the function Z G,P (resp. the function Z aff G,P ) in terms of representation theory of the Lie algebraǧ (resp.ǧ aff ) -by the definition this is a Lie algebra whose root system is dual to that of g (resp. to that of g aff ). One of the main results of [5] gives such a calculation of the functions Z G, B +ρ aff where a,h, ε 1 and ε 2 are as in Subsection 5.3 (here we regard (a, ε 1 ) as a weight for the dual affine algebraǧ aff ; this is explained carefully in Section 3 of [5] ). These statements in fact follow immediately from the results of Subsections 3.5 and 5.3 after one formulates the definition of equivariant integration using intersection cohomology (this is done is [5] ).
The above description of the partition function allows one to produce certain differential equations which are satisfied by the functions Z G,B and Z aff G,B . More precisely, we show that the function q ā h Z G,B is an eigen-function of the quantum Toda hamiltonians associated withǧ with eigen-values determined (in the natural way) by a (we refer the reader to [13] for the definition of (affine) Toda integrable system and its relation with Whittaker functions). In this way we reprove the results of [24] and [31] about (equivariant) quantum cohomology of the flag varieties X G,P . In the affine case one can also show that q ā h Z aff G,B is an eigen-function of a certain differential operator which has order 2 ("non-stationary analog" of the affine quadratic Toda hamiltonian). In [6] we explain how this allows to compute the asymptotics of all the functions Z aff G,P when ε 1 , ε 2 → 0 in another publication. We also show in [6] that this implies the Nekrasov conjecture mentioned above for arbitrary G.
Some open problems
In this section we present a list of open problems that related to the subjects in the preceding sections of the paper.
Normality and rational singularities.
We conjecture that the schemes QM θ G,P and U θ aff G,P are normal and have rational singularities. From purely technical point of view one needs to know this in order to attack problem 2. On the other hand, this statement seems to be important for the following reason. It is explained in [9] and [14] that one should think about the singularities of the schemes QM θ G,P as a variety in question is singular). For P = G = SL(n) such functions are studied in [28] and the corresponding asymptotic of the partition function is shown there to be related with the prepotential of the classical elliptic Calogero-Moser integrable system. We expect that for P = B (and for general G) the corresponding partition function should be closely related with the universal eigen-function of the corresponding nonstationary deformation of the quantum Calogero-Moser hamiltonian associated with the Lie algebraǧ aff . Similar statement should also hold in the finite case (i.e. when we integrate over QM θ G,B 's and not over U θ aff G,B 's). In particular, in the finite case we should get a geometric interpretation of the universal eigen-function of the quantum Calogero-Moser system associated with the Lie algebraǧ.
Functional equation for parabolic Eisenstein series.
It will be very important to generalize the functional equation for geometric Eisenstein series discussed in Subsection 4.4 to the case of parabolic Eisenstein series. More precisely, given a parabolic subgroup P ⊂ G with the Levi subgroup M in Section 4 we discussed the Eisenstein series functor Eis G M . In fact this notation is slightly misleading since this functor actually depends not just on M but also on P . Let us now use the notation Eis G M,P for it. With this notation the "functional equation" problem reads as follows: given two parabolic subgroups P , Q ⊂ G containing the same Levi subgroup M, construct as isomorphism between the functors Eis G M,P and Eis G M,Q restricted to some large subcategory of "regular" sheaves inside Sh(M).
